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CONSTRUCTION OF HAMILTONIAN-MINIMAL
LAGRANGIAN SUBMANIFOLDS IN COMPLEX
EUCLIDEAN SPACE
HENRI ANCIAUX AND ILDEFONSO CASTRO
1. Introduction
A submanifold L of Cn (or more generally of a symplectic manifold
M2n of real dimension 2n) is said to be Lagrangian if it has dimension
n and if the standard symplectic form ω vanishes on it. This assump-
tion is equivalent to the fact that the standard complex structure J
maps the tangent bundle of L onto its normal bundle. A remarkable
property of Lagrangian submanifolds of Cn is that those which are in
addition minimal, (i.e. critical points for the volume functional) are
in fact minimizers in their homology class. The reason is that Cn is
endowed with a one-parameter family of calibrations whose calibrated
submanifolds are precisely the minimal Lagrangian submanifolds (see
[12]). This property does not extend to generic Ka¨hler manifolds, but
it does to a certain subclass of them, called Calabi-Yau manifolds (see
[12] for a definition). Lagrangian submanifolds of Cn are locally cha-
racterized as being the gradient graphs L := {(x + i∇u(x)), x ∈ Rn}
of real-valued functions u(x). In terms of these data, the minimal sub-
manifold equation is (see [12]):
Im det
C
(I + iHessu) = 0.
In the case of dimension 2, it reduces to the famous Monge-Ampe`re
equation.
Besides the classical variational problem of minimizing the volume
functional in a homology class (so in particular with respect to com-
pactly supported variations), there is a natural variational problem,
first introduced by Oh (cf [24]), consisting of minimizing the volume
with respect to Hamiltonian compactly supported variations. Such
variations have the property of preserving the Lagrangian constraint.
We shall say that a Lagrangian submanifold is Hamiltonian-minimal1
Research partially supported by a MEC-Feder grant MTM2007-61779(Second
author).
1Some authors use the terminology Hamiltonian stationary
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or H-minimal for short if it is a critical point of the volume for Hamil-
tonian compactly supported variations. While it is well known that
minimal submanifolds are characterized by the vanishing of their mean
curvature vector H = 1
n
trace σ, where σ is the second fundamental
form of Φ, it can be proved that a Lagrangian submanifold of Cn is
H-minimal if and only if it satisfies the equation divJH = 0, where div
denotes the divergence operator. In particular, Lagrangian submani-
folds with parallel mean curvature vector are H-minimal.
The H-minimal equation for a gradient graph is (cf [27]):
n∑
j=1
∂
∂xj
∆(
∂u
∂xj
) = 0,
where ∆ denotes the Laplacian with respect to the induced metric
on L. Denoting partial derivatives by subscripts, the latter is given in
coordinates by
gjk = δjk +
n∑
l=1
ujlukl.
In particular the H-minimal equation is of fourth order and its lin-
earization is the bilaplacian equation.
One physical motivation for studying H-minimal Lagrangian sub-
manifold is given by the model of incompressible elasticity: a diffeo-
morphism
(
X(x, y), Y (x, y)
)
between two open subsets U and V of C
is incompressible, i.e. XxYy −XyYx = 1, if and only if the graph
L :=
{(
x+ iy,X(x, y)− iY (x, y)), x+ iy ∈ U}
is Lagrangian. Moreover, the diffeomorphism (X, Y ) minimizes the
functional
∫
U
√
1 + |∇X|2 + |∇Y |2 among incompressible diffeomor-
phisms if and only if L is H-minimal (cf [28]).
A very important object attached to an oriented Lagrangian subman-
ifold L of Cn is its Lagrangian angle function, which is defined to be the
argument of the evaluation of the complex volume form dz1∧· · ·∧dzn.
In other words, if (e1, ..., en) is a tangent frame of L, its Lagrangian
angle function is given by
β = arg dz1 ∧ · · · ∧ dzn(e1, ..., en).
The Lagrangian angle if fundamental in the study of variational prob-
lems since it is related to the mean curvature vector of L by the formula
nH = J∇β, where ∇ is the gradient for the induced metric. It fol-
lows that L is minimal if and only if its Lagrangian angle is equal to
a constant β0. In this case L is in addition calibrated by the n-form
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Re (e−iβ0dz1 ∧ · · · ∧ dzn). Moreover, we can deduce a characterization
of those Lagrangian submanifolds which are H-minimal in terms of β:
by the equation divJH = − 1
n
∆β, we deduce that a Lagrangian sub-
manifold is H-minimal if and only if its Lagrangian angle is harmonic
for the induced metric.
Until recently only very simple examples where known beyond the
Cartesian products of n circles S1(r1)× ...×S1(rn) ⊂ Cn. After the first
description of non-trivial H-minimal tori in [9], the H-minimal cones
and tori of C2 where classified respectively in [27] and [16]. Then more
examples were discovered in C2 (cf [1]), in Cn (cf [4], [22], [8]) and in
CPn (cf [22], [23], [8]). The goal of the present paper is to describe
in a synthetic way a variety of examples of H-minimal Lagrangian im-
mersions in Cn, combining in several ways curves in two dimensional
space forms and Legendrian immersions in odd dimensional spheres.
These constructions appear to be generalizations of examples already
discussed in [4], [3] and [8]. In every case we shall characterize the cases
in which the submanifold is in addition minimal, or have parallel mean
curvature vector. We shall also pay attention to the cases in which we
get compact examples. Finally we point out that the importance of
H-minimal Lagrangian submanifolds of Cn is emphasized by a recent
work of Joyce, Lee and Schoen, where H-minimal Lagrangian submani-
folds are constructed in arbitrary symplectic manifolds, starting from
a H-minimal Lagrangian submanifold of Cn satisfying some property
of rigidity (cf [20]).
The paper is organized as follows: the first section gives some back-
ground about curves and Legendrian submanifolds in odd-dimensional
spheres; we shall see in particular that the geometry of Legendrian sub-
manifolds is very similar to the one of Lagrangian submanifolds. The
next sections are devoted to several constructions of H-minimal La-
grangian submanifolds using, respectively, n planar curves (Section 3),
a planar curve and a Legendrian immersion (Section 4), a Lagrangian
surface and two Legendrian immersions (Section 5).
2. Background material
2.1. Legendrian immersions. Let Cn = {(z1, . . . , zn), zj ∈ C, 1 ≤
j ≤ n} be the complex Euclidean space of dimension n endowed with
the bilinear product
(z, w) =
n∑
j=1
zjw¯j , ∀z, w ∈ Cn.
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Then 〈., .〉 = Re (., .) is the Euclidean metric of Cn and ω = −Im (., .)
the Kaehler 2-form on Cn. Both forms are related by the formula
ω = 〈J., .〉.
The symplectic form ω is exact and one primitive of it is the the
Liouville 1-form of Λ defined by 2Λ(v) = 〈v, Jz〉, for all v ∈ TzCn,
z ∈ Cn.
Next we consider the unit sphere S2n−1 := {z ∈ Cn, 〈z, z〉 = 1} and
we still denote by Λ the restriction to S2n−1 of the Liouville 1-form of
Cn. Hence Λ is the contact 1-form of the canonical Sasakian structure
on the sphere S2n−1. An immersion ψ of an (n−1)-dimensional manifold
N into S2n−1 is said to be Legendrian if ψ∗Λ ≡ 0. When it is the case
ψ is isotropic in Cn, i.e. ψ∗ω ≡ 0 and, in particular, the normal bundle
of N admits the following decomposition T⊥N = J(TN)⊕ span {Jψ}.
In other words ψ is horizontal with respect to the Hopf fibration Π :
S2n−1 → CPn−1, where CPn−1 denotes the complex projective space
with constant holomorphic sectional curvature 4. Hence Π ◦ ψ is a
Lagrangian immersion of N into CPn−1 and the two immersions ψ and
Π ◦ ψ induce the same metric on N . Conversely, given a Lagrangian
immersion φ of a (n − 1)-dimensional manifold N into CPn−1, there
exists a Legendrian immersion ψ˜ from the universal covering N˜ of N
into S2n−1 such that φ ◦ Π˜ = Π ◦ ψ˜, where Π˜ is the canonical projection
N˜ → N. The immersion ψ˜, which is unique up to a rotation of the form
eiθId ⊂ U(n), is called the Legendrian lift of φ.
Next we define Ω to be the complex (n− 1)-form on S2n−1 given by
Ωz(v1, . . . , vn−1) = det
C
{z, v1, . . . , vn−1}.
Given a Legendrian immersion ψ of a manifold N into S2n−1, ψ∗Ω is a
complex (n−1)-form on N . Suppose that our Legendrian submanifold
N is oriented. We define the map βψ by
eiβψ(x) = (ψ∗Ω)x(e1, . . . , en−1),
where {e1, . . . , en−1} is an oriented orthonormal frame in TxN. This
R/2piZ-valued map is well defined and does not depend on the choice
of the frame {e1, . . . , en−1}. In [8] it is called the Legendrian angle map
of ψ and it is proved that
(1) J∇βψ = (n− 1)Hψ,
where ∇ is the gradient with respect to the induced metric in N and
Hψ is the mean curvature vector of ψ. Hence a Legendrian immersion
ψ of an oriented manifold N in S2n−1 is minimal, i.e. Hψ ≡ 0, if and
only if the Legendrian angle map βψ of ψ is constant.
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In analogy with the notion of H-minimality for Lagrangian subma-
nifolds, the notion of C-minimality was introduced in [8] as follows:
a Legendrian submanifold is said to be contact-minimal (or briefly C-
minimal) if it is a critical point of the volume functional with respect
to compactly supported variations which preserve the contact form. It
is easy to prove that a Legendrian immersion ψ is C-minimal if and
only if divJHψ ≡ 0, where div is the divergence operator in N . We
refer to [8] for the proof of this formula and further details. In partic-
ular, minimal Legendrian submanifolds and Legendrian submanifolds
with parallel mean curvature vector are C-minimal. A consequence of
Equation (1) is that a Legendrian immersion ψ of an oriented manifold
N into S2n−1 is C-minimal if and only if the Legendrian angle βψ of
ψ is a harmonic map, i.e. ∆βψ ≡ 0, where ∆ is the Laplacian for the
induced metric.
There is a close relationship between between minimal and C-minimal
Legendrian submanifolds in odd dimensional spheres and Lagrangian
submanifolds in complex projective spaces. More precisely, it is proved
in [8] that a Legendrian immersion ψ is minimal (resp. C-minimal) in
S2n−1 if and only if the Lagrangian immersion Π ◦ ψ is minimal (resp.
H-minimal) in CPn−1.
2.2. Planar curves. If α : I → C∗ is a non-vanishing complex func-
tion on an interval I of R, the argument of α is the R/2piZ-valued map
given by α = |α|ei argα. It is easy to check that
(2) (argα)′ =
〈α′, Jα〉
|α|2 ,
and so we deduce that
(3) (argα′)′ = |α′|κα,
where κα is the curvature of α.
2.3. Legendrian curves versus spherical and hyperbolic curves.
Let S3 and H31 denote the unit hypersphere and the unit anti de Sitter
space in C2, given respectively by
S3 =
{
(z, w) ∈ C2, |z|2 + |w|2 = 1} , H31 = {(z, w) ∈ C2, |z|2 − |w|2 = −1} .
Let γ ⊂ S3 and α ⊂ H31 two Legendrian curves, both parametrized by
arclength. Then they satisfy the following relations:
|γ1|2 + |γ2|2 = 1, |γ′1|2 + |γ′2|2 = 1, γ′1γ¯1 + γ′2γ¯2 = 0,
|α1|2 − |α2|2 = −1, |α′1|2 − |α′2|2 = 1, α′1α¯1 − α′2α¯2 = 0.
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We now detail the special form taken by the Hopf projection Π in
the case n = 2, as well as the analogous projection H31 → H2(−1/2).
Let S2(1/2) := {(x1 + ix2, x3) ∈ C × R, x21 + x22 + x23 = 1/4} which
is the 2-sphere with radius 1/2 in R3. The Hopf fibration Π : S3 →
S2(1/2) ≡ CP1(4) is given by
Π(z, w) =
1
2
(
2zw¯, |z|2 − |w|2) , (z, w) ∈ S3 ⊂ C2.
For each Legendrian curve γ(s) in S3, the projection ξ = Π◦γ is a curve
in S2(1/2). Conversely, each curve ξ in S2(1/2) gives rise to a horizontal
lift ξ˜ in S3 via Π which is unique up to a rotation eiθId ⊂ U(2), θ ∈ R.
Since the Hopf fibration Π is a Riemannian submersion, each unit
speed Legendrian curve γ in S3 is projected onto a unit speed curve ξ
in S2(1/2) with the same curvature function. In addition:
|γ1|2 = 1
2
+ ξ3, 〈γ′1, Jγ1〉 = (ξ × ξ′)3,(4)
where × denotes the cross product in R3 and (ξ × ξ′)3 is the third
coordinate of ξ × ξ′ in the 3-space R3 containing S2(1/2).
Similarly, let H2(−1/2) = {(x1 + ix2, x3) ∈ C × R, x21 + x22 − x23 =
−1/4, x3 ≥ 1/2} which is the model of the real hyperbolic plane of
curvature −4. The Hopf fibration Π : H31 → H2(−1/2) ≡ CH1(−4) is
then given by
Π(z, w) =
1
2
(
2zw¯, |z|2 + |w|2) , (z, w) ∈ H31 ⊂ C2.
Given a Legendrian curve α(t) in H31, the projection η = Π ◦ α is a
curve in H2(−1/2). Conversely, each curve η in H2(−1/2) gives rise to
a horizontal lift η˜ in H31 via Π which is unique up to a rotation of the
form eiθId ⊂ U(2), θ ∈ R.
Similarly, if α is a unit speed Legendrian curve in H31, then the
projection η is also a unit speed curve in H2(−1/2) with the same
curvature function. It follows that
|α1|2 = −1
2
+ η3, 〈α′1, Jα1〉 = (η × η′)3.(5)
3. Product of planar curves
The simplest way to obtain Lagrangian submanifolds in Cn is to take
the Cartesian product of n planar curves.
Proposition 1. Let αj be n planar regular curves, and denote by sj,
1 ≤ j ≤ n, the arclength parameter of αj. Then the product immersion
Φ(s1, ..., sn) = (α1(s1), ..., αn(sn))
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is a flat Lagrangian immersion whose Lagrangian angle map is given
by
βΦ(s1, ..., sn) =
n∑
j=1
argα′j(sj).
In addition,
(6) D∂sj∇βΦ =
dκj
dsj
∂sj ,
where κj denotes the curvature of the curve αj, 1 ≤ j ≤ n, and D is
the Levi-Civita connection of the induced metric, and
(7) ∆βΦ =
n∑
j=1
dκj
dsj
.
0,8
0,4
0
x
-0,4
-0,8
10,50-0,5-1
y
Figure 1. A Cornu spiral (cf Section 3)
Proof. Since the induced metric by the immersion Φ is flat, using Equa-
tion (3) it is straightforward to obtain (6) and hence (7). 
Using (3) again, we first observe that βΦ is constant, i.e. Φ is minimal,
if and only if each curve αj is a line. In this case Φ is totally geodesic.
Moreover, Φ has parallel mean curvature if and only if each curve
αj has constant curvature, i.e. is a straight line or a circle. Finally,
∆βΦ = 0, i.e. Φ is H-minimal if and only if the curvature of each curve
αj is a linear function of its arclength parameter, κj(sj) = λjsj + µj,
and
∑n
i=1 λj = 0. Such planar curves are either curves of constant
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curvature (when λj = 0) or special curves known in the literature as
Cornu spirals or clotoids (when λj 6= 0). A Cornu spiral α of parameter
λ can be parametrized, up to congruences, by
α(s) =
(∫ s
0
cos(λt2/2)dt,
∫ s
0
sin(λt2/2)dt
)
.
The Cornu spirals are bounded but have infinite length. They have
two ends that converges to two points of the plane (see Figure 1). In
conclusion:
Corollary 1. A product immersion of n planar curves αj, 1 ≤ j ≤ n
have parallel mean curvature if and only if each curve αj is either a
circle or a straight line and H-minimal if and only if (i) each curve αj
is either a circle, a line, or a Cornu spiral of parametre λj, and (ii)∑n
j=1 λj = 0, where we set λj = 0 if αj is a circle or a line.
Remark 1. We can generalize this construction by considering the
product of n Lagrangian immersions into Cmj , 1 ≤ j ≤ n, resulting
in a Lagrangian immersion into CN , where N =
∑n
j=1mj . In the two
following sections, we shall consider more elaborate constructions.
4. Construction with a planar curve and a Legendrian
immersion
4.1. The construction. We now give a precise description of the geo-
metry of a family of Lagrangian submanifolds in Cn which was first
introduced in [26]:
Theorem 1. Let α : I → C∗ be a regular curve, with arclength parame-
tre s and ψ a Legendrian immersion of an orientable manifold N into
S2n−1. Then the map
Φ : I ×N −→ Cn
(s, x) 7−→ α(s)ψ(x),
is a Lagrangian immersion in Cn with induced metric
g¯ = ds2 + |α|2g,
where g is the induced metric on N , and Lagrangian angle map
(8) βΦ(s, x) = Gα(s) + βψ(x),
where Gα := argα
′ + (n− 1) argα and βψ is the Legendrian angle map
of ψ. In addition, the gradient of βΦ is given by the formula:
(9) ∇g¯βΦ =
(
G′α∂s,
1
|α|2∇gβψ
)
.
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Moreover, denoting by D¯ (resp. by D) the Levi-Civita connection of g¯
(resp. of g), we have
(10) D¯(∂s,0)∇g¯βΦ =
(
G′′α∂s,−
〈α′, α〉
|α|4 ∇gβψ
)
and
(11)
D¯(0,X)∇g¯βΦ =
(
−〈α
′, α〉
|α|2 dβψ(X)∂s,
1
|α|2DX∇gβψ +G
′
α
〈α′, α〉
|α|2 X
)
,
where X is a vector field on N.
Finally, the Laplacian of βΦ is given by the formula:
(12) ∆g¯βΦ =
1
|α|n−1
d
ds
(|α|n−1G′α)+ 1|α|2∆gβψ.
Proof. We consider local coordinates (x1, ..., xn−1) on N , so that we get
local coordinates (x0 = s, x1, ..., xn−1) on I ×N. We calculate the first
derivatives of the immersion:
∂Φ
∂x0
= α′ψ,
∂Φ
∂xj
= α
∂ψ
∂xj
, 1 ≤ j ≤ n− 1.
Calculating the Hermitian products of pairs of such first derivatives
and using the Legendrian property of ψ shows that the immersion Φ
is Lagrangian. Moreover, denoting by (gjk)1≤j,k≤n−1 the coefficients of
the metric g, it follows that the coefficients of the metric g¯ are given
by
g¯jk = |α|2gjk g¯0j = 0 g¯00 = 1,
and the inverse matrix of g¯ by
g¯jk = |α|−2gjk g¯0j = 0 g¯00 = 1.
In particular we obtain the formula
g¯ = ds2 + |α|2g.
Next we compute the Lagrangian angle of Φ:
βΦ = arg det
C
(
∂Φ
∂x0
, ...,
∂Φ
∂xn−1
)
= arg
(
α′αn−1 det
C
(
ψ,
∂ψ
∂x1
, ...,
∂ψ
∂xn−1
))
= argα′ + (n− 1) argα + βψ.
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We deduce the following expression of the gradient of βΦ:
∇g¯βΦ =
n−1∑
a,b=0
g¯ab
∂βΦ
∂xb
∂xa = g¯
00G′α(∂s, 0) +
1
|α|2
n−1∑
j,k=1
gjk
∂βψ
∂xk
(0, ∂xj)
= G′α(∂s, 0) +
1
|α|2 (0,∇gβψ).
Next, a straightforward computation gives
D¯∂s∂s = 0 D¯∂xj∂s = D¯∂s∂xj =
〈α′, α〉
|α|2 ∂xj
and
D¯∂xj ∂xk = −〈α′, α〉gjk∂s +D∂xj ∂xk .
It follows that
D¯∂s∇g¯βΦ = (G′′α∂s, 0)
and
D¯∂xj∇g¯βΦ =
(
−〈α
′, α〉
|α|2
∂βψ
∂xj
∂s,
1
|α|2D∂xj∇gβψ +G
′
α
〈α′, α〉
|α|2 ∂xj
)
.
This implies Equation (11) and it remains to compute the Laplacian
of βΦ:
∆g¯βΦ =
n−1∑
j,k=0
g¯(D¯∂xj∇g¯βΦ, ∂xk)g¯jk
= G′′α +
n−1∑
j,k=1
g
(
1
|α|2D∂xj∇gβψ, ∂xk
)
gjk +
n−1∑
j,k=1
G′α
〈α′, α〉
|α|2 g(∂xj , ∂xk)g
jk
= G′′α +
1
|α|2∆gβψ + (n− 1)G
′
α
〈α′, α〉
|α|2 .
Finally, we observe that
1
|α|n−1
d
ds
(|α|n−1G′α) = G′′α + (n− 1)G′α 〈α
′, α〉
|α|2
and the proof is complete. 
Remark 2. If α is a straight line passing through the origin, the im-
mersion becomes Φ : R ×N −→ Cn, (s, x)→ sψ(x). Hence we obtain
the cone C(ψ) with link ψ. It is clear that C(ψ) is a Lagrangian immer-
sion with a singularity at s = 0. In the general case Φ has singularities
at the points (s, x) ∈ I × N where α vanishes. Since in the case of a
cone βC(ψ) = βψ, we deduce C(ψ) is minimal (resp. H-minimal) if and
only if ψ is minimal (resp. C-minimal); this result was used in [13] and
[14].
CONSTRUCTION OF H-MINIMAL LAGRANGIAN SUBMANIFOLDS IN Cn 11
If we take α(s) = eis, Theorem 1 gives a family of submanifolds
which generalizes to higher dimension the Hopf cylinders considered in
[25].
If ψ is chosen to be the totally geodesic Legendrian embedding
ψ(x) = x of Sn−1 into S2n−1, we are in the case of the Lagrangian
submanifolds which are invariant under the standard action of SO(n)
on Cn (see [12], [4]).
The quantity Aα := |α|n−1G′α appearing in the expressions of the
gradient and the Laplacian of βΦ enjoys a geometric interpretation. In
fact, a simple calculation using Equation (3) yields
Aα = |α|2n−2καn .
where καn is the curvature of the planar curve α
n. From Equation (9)
and the formula nH = J∇β, it follows that the immersion Φ construc-
ted in Theorem 1 is minimal if and only if ψ is minimal and αn has
curvature zero. This fact has been used in [10], [13] or [18]. If α is
not a straight line, it can be parametrized by αc(t) =
2n
√
t2 + c2 ei
arctan t
n c
and the corresponding minimal Lagrangian submanifolds were cons-
tructed in [10], (Remark 1), [13], (Theorem A) and [18] (Theorem 6.4).
We refer to [11] for the description of some other examples of minimal
Lagrangian submanifolds in Cn using this method.
Next we give a characterization of those immersions described in
Theorem 1 which have parallel mean curvature vector or are compact
and H-minimal:
Corollary 2. The Lagrangian immersion
Φ : I ×N → Cn
(s, x) 7→ α(s)ψ(x),
where α is a planar curve which does not vanish and ψ is a Legendrian
immersion of an orientable manifold N into S2n−1, has parallel mean
curvature vector if and only if
- either (i) it is minimal; in this case the curve α is such that the
quantity Aα := |α|2n−2καn , where καn is the curvature of αn,
vanishes and the immersion ψ is minimal;
- or (ii) the curve α is a circle centered at the origin and the
immersion ψ has parallel mean curvature vector.
Moreover, if N is compact, the immersion Φ is H-minimal if and only
if the curve α is such that Aα is constant and the immersion ψ is
C-minimal.
Proof. The first claim follows easily from Equations (10) and (11). To
prove the second claim, we observe that if Φ is H-minimal, i.e. ∆g¯βΦ
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vanishes, then ∆gβψ must be constant by Equation (12). Moreover, if
N is compact,
∫
N
∆gβψ vanishes so this constant must be zero (so in
particular ψ is C-minimal). Thus, by Equation (12) again, Aα must be
constant. 
In the next two sections we shall describe in greater detail respec-
tively the planar curves α and the Legendrian immersions ψ satisfying
the conditions given in Corollary 2 to get H-minimal Lagrangian sub-
manifolds in Cn.
4.2. Planar curves satisfying Aα = |α|2n−2καn is a non null con-
stant. The simplest curves verifying this condition are the circles cen-
tered at the origin, α(s) = Reis/R, R > 0. By Corollary 2, it provides
examples of Lagrangian H-minimal immersions of S1×Nn−1 in Cn. In
particular, taking ψ(x) = x, x ∈ S2n−1, we recover Example 2.10 in
[20].
Since the curvature of a curve is changed under a scaling according to
the law κλα = κα/λ, we deduce that Aλα = λ
n−2Aα. Thus, when n = 2
this quantity |α|2κα2 is invariant under dilations; on the contrary, when
n > 2 we can normalize Aα = 1 by rescaling the curve. A qualitative
study of the curves α solutions of |α|2n−2καn = constant has been
done for n = 2 in [3], Section 4.1 p. 15 and the case n > 2 has been
treated in [4], Section 5, p. 1204. In both cases the purpose was the
classification of H-minimal Lagrangian submanifolds in Cn foliated by
(n− 1)-dimensional spheres. We give here a brief description of these
curves (see Figures 2,3,4 and 5):
Case n = 2. Beyond the circles centered at the origin, the solutions of
the equation |α|2κα2 = constant belong to one of the following families:
- A two-parameter family of non-embedded curves, including a
countable family of closed curves that we shall denote by αp, p ∈
N. The other ones are not properly embedded;
- A one-parameter family of unbounded, non-embedded curves.
Case n > 2. Beyond the circles centered at the origin, the solutions
of the equation |α|2n−2καn = constant belong to one of the following
families:
- A one-parameter family of non-embedded curves, including a
countable family of closed curves that we shall denote by αp, p ∈
N. The other ones are not properly embedded;
- A one-parameter family of unbounded curves, some of them
being embedded and other ones not;
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y
x
1
1
0,5
0
0,5
-0,5
-1
0-0,5-1
Figure 2. A closed curve αp with Aα = 5, n = 2
y
x
10
0
30
-10
-20
20
-30
-40
10
-50
0-10-20-30
Figure 3. An unbounded curve with Aα = 1, n = 2
- A one-parameter family of curves which are not properly em-
bedded, with a spiraling end asymptotic to a circle centered at
the origin;
- A one-parameter family of curves with two spiraling ends as-
ymptotic to a circle centered at the origin;
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-1
0-0,5-1
y
x
1
1
0,5
0
0,5
-0,5
Figure 4. A closed curve αp with n = 3
-1
y
8
7
6
5
4
3
2
1
x
10,50-0,5
Figure 5. An unbounded curve with n = 3
- Moreover, in the case of dimension n = 3, the straight lines (not
passing through the origin) are solutions.
4.3. C-minimal Legendrian submanifolds in odd dimensional
spheres. We now describe several examples of C-minimal Legendrian
immersions into S2n−1, making special emphasis in the compact case.
We distinguish several cases according to the values of n.
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4.3.1. Case n = 2. In this case, the Laplacian operator on a Legen-
drian curve γ in S3 is simply the second derivative with respect to the
arclength parameter s. Since dβγ
ds
= kγ, we deduce γ is C-minimal if
and only if it has constant curvature kγ = c.
Such curves take the following explicit form (see [7]):
γ(s) = ei(c+
√
c2+4)s/2A1 + e
i(c−√c2+4)s/2B1,
for suitable constants A1, B1 ∈ C2. Since Φ(t, s) = α(t)γ(s), up to
rotations it is enough to consider the Legendrian curves parametrized
by
(13) γϕ(s) =
(
cosϕ ei tanϕ s, sinϕ e−i cotϕ s
)
, ϕ ∈ (0, pi/2),
where pi/2−2ϕ is the latitude of the parallel pi◦γϕ. It is straightforward
to check that the Legendrian angle of γϕ is
βγϕ = −pi/2 + (tanϕ− cotϕ)s,
hence it has constant curvature c = tanϕ− cotϕ. Moreover the curve
is closed if and only if tan2 ϕ = p/q ∈ Q. These curves are the links
of the cones whose Hamiltonian stability is studied in Theorem 7.1 of
[27].
4.3.2. Case n = 3. There is a Legendrian immersion of the torus
S1 × S1 into S5 which is flat and minimal: ψ(s, t) := (eis, eit, e−i(s+t)).
Besides this trivial example, there is a growing literature about C-
minimal Legendrian surfaces into S5 and H-minimal Lagrangian sur-
faces into CP2. In particular, the existence of many minimal and H-
minimal Lagrangian tori immersed in CP2 is proved respectively in
[17] in [5], while a family of H-minimal Lagrangian tori in CP2 with
S1-symmetry is explicitly described in [21] and [22]. However, as dis-
cussed in Section 2.1, the topological type of the Legendrian lifts are
no longer the torus a priori, but rather its universal covering, i.e. the
plane.
4.3.3. Case n ≥ 4. Besides the trivial example of the totally geodesic
Legendrian embedding of Sn−1 into S2n−1, we point out that compact
minimal Legendrian immersions of S1 × Sn−2 into S2n−1 have been
constructed in [2]. On the other hand a construction of C-minimal Le-
gendrian immersions (including non-minimal ones) has been described
in Section 3 of [8] as follows: let n1, n2 be two integer numbers such
that n1 + n2 = n, γ = (γ1, γ2) : I → S3 a Legendrian curve which is
solution of one of the one-parametre family of o.d.e.
(14) (γ′jγj)(t) = (−1)j−1i eiµt γ1(t)n1 γ2(t)n2 , µ ∈ R, j = 1, 2,
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and ψ1 and ψ2 two C-minimal Legendrian immersions of orientable
manifolds N1 and N2 of dimensions n1 − 1 and n2 − 1 into S2n1−1 and
S2n2−1 respectively. Then the following immersion
Ψ : I ×N1 ×N2 −→ S2n−1,
(t, x, y) 7→ (γ1(t)ψ1(x) , γ2(t)ψ2(y)),
is C-minimal.
While it turns out to be difficult to describe the general solution
of (14), and therefore to control its closedness, we point out that the
Legendrian curve with constant curvature c =
√
n2/n1 −
√
n1/n2 (cf
Section 4.3.1)
γn1,n2(s) =
1√
n1 + n2
(√
n1 e
i
√
n2
n1
s
,
√
n2 e
−i
√
n1
n2
s
)
is a closed solution of Equation (14) with parametre µ = 0.
Hence, given two compact C-minimal Legendrian immersions of two
manifolds N1 and N2 into S
2n1−1 and S2n2−1 respectively, we are able to
construct a compact immersion of C-minimal immersion of S1×N1×N2
into S2n−1, where n = n1+n2.We may start with simple examples such
as totally geodesic embedding, and iterate the process in order to get
immersions of a number of topological types:
Corollary 3. Given n integer numbersm1, ..., mn, there exist C-minimal
immersions of Tn ×∏nj=1 Smj into S2N−1, where N = n+∑nj=1mj.
5. Construction with a Lagrangian surface and two
Legendrian immersions
5.1. The construction. In this section we give a detailed study of the
geometry of a family of Lagrangian submanifolds introduced in [11].
Theorem 2. Let φ = (φ1, φ2) be a Lagrangian immersion of an ori-
entable surface Σ into C2 such that φ1 and φ2 do not vanish, and ψ1, ψ2
two Legendrian immersions of orientable manifolds N1 and N2 into
S2n1−1 and S2n2−1, with n1 + n2 = n. Then the map
Φ : Σ×N1 ×N2 −→ Cn
(p, x, y) 7−→ (φ1(p)ψ1(x), φ2(p)ψ2(y))
is a Lagrangian immersion with induced metric
g¯ = g + |φ1|2g1 + |φ2|2g2,
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where g, g1 and g2 are the induced metric on Σ, N1 and N2 respectively,
and whose Lagrangian angle map is
(15) βΦ(p, x, y) = (n1 − 1)pi +Gφ(p) + βψ1(x) + βψ2(y),
where βψ1 and βψ2 are the Legendrian angle maps of ψ1 and ψ2 and Gφ
is the R/2piZ-valued map defined on Σ by
Gφ := βφ + (n1 − 1) arg φ1 + (n2 − 1) arg φ2.
In addition the gradient of βΦ is given by
(16) ∇g¯βΦ =
(∇gGφ, |φ1|−2∇g1βψ1 , |φ2|−2∇g2βψ2) .
Moreover, given X, Y and Z three vector fields on Σ, N1 and N2
respectively, and denoting by D¯ (resp. by D, D1, D2) the Levi-Civita
connection of g¯ (resp. of g, g1, g2), we have
(17) D¯(X,0,0)∇g¯βΦ =
(
DX∇gGφ, X(|φ1|−2)∇g1βψ1 , X(|φ2|−2)∇g2βψ2
)
,
(18)
D¯(0,Y,0)∇g¯βΦ =
(∇g|φ1|−2
|φ1|2 dβψ1(Y ),
D1Y∇g1βψ1
|φ1|2 + g(∇gGφ,∇g|φ1|
−2)Y, 0
)
,
(19)
D¯(0,0,Z)∇g¯βΦ =
(∇g|φ2|−2
|φ2|2 dβψ2(Z), 0,
D2Z∇g2βψ2
|φ2|2 + g(∇gGφ,∇g|φ2|
−2)Z
)
and
(20)
∆g¯βΦ =
1
|φ1|n1−1|φ2|n2−1divg
(|φ1|n1−1|φ2|n2−1∇gGφ)+ ∆g1ψ1|φ1|2 +
∆g2ψ2
|φ2|2 .
Proof. For the computation of the Lagrangian angle of the immersion
Φ, we refer to [11].
Let (tµ), µ = 1, 2, (xa), 1 ≤ a ≤ n1 − 1 and (yj), 1 ≤ j ≤ n2 − 1
be local coordinates on Σ, N1 and N2 respectively. We shall denote
by (zα) = (tµ, xa, yj) the resulting coordinates on Σ × N1 × N2. It is
straightforward that
g¯ = g + |φ1|2g1 + |φ2|2g2.
Thus, using that the matrix of g¯ in the coordinates (zα) is block-
diagonal, we compute:
∇g¯βΦ =
n∑
α,β=1
g¯αβ
∂βΦ
∂zβ
∂zα
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=
2∑
µ,ν=1
gµν
∂Gφ
∂tµ
(∂tν , 0, 0) + |φ1|−2
n1−1∑
a,b=1
gab
∂βψ1
∂xb
(0, ∂xa , 0)
+|φ2|−2
n2−1∑
j,k=1
gjk
∂βψ2
∂yk
(0, 0, ∂yj),
= (∇gGφ, 0, 0) + |φ1|−2(0,∇g1βψ1 , 0) + |φ2|−2(0, 0,∇g2βψ2).
Next, a long but straightforward computation gives
D¯∂tµ∂tν = D∂tµ∂tν , D¯∂xa∂tµ = D¯∂tµ∂xa =
∂(|φ1|−2)
∂tµ
∂xa ,
D¯∂yj∂tµ = D¯∂tµ∂yj =
∂(|φ2|−2)
∂tµ
∂yj ,
D¯∂xa∂xb = ∇g(|φ1|−2)gab +D1∂xa∂xb ,
D¯∂yj∂yk = ∇g(|φ2|−2)gjk +D2∂yj ∂yk .
From these equations it not difficult to obtain Equations (17), (18) and
(19). It remains to compute the Laplacian of βΦ:
∆g¯βΦ =
n∑
α,β=1
g¯(D¯∂zα∇g¯βΦ, ∂zβ)g¯αβ
=
2∑
µ,ν=1
g¯(D¯∂tµ∇g¯βΦ, ∂tν )g¯µν+
n1−1∑
a,b=1
g¯(D¯∂xa∇g¯βΦ, ∂xb)g¯ab+
n2−1∑
j,k=1
g¯(D¯∂yj∇g¯βΦ, ∂yk)g¯jk
=
2∑
µ,ν=1
g(D¯∂tµ∇g¯Gφ, ∂tν )gµν+
n1−1∑
a,b=1
g1(D¯∂xa∇g¯βΦ, ∂xb)gab+
n2−1∑
j,k=1
g2(D¯∂yj∇g¯βΦ, ∂yk)gjk
= ∆gGφ +
n1−1∑
a,b=1
(
1
|φ1|2 g1(D
1
∂xa
∇g1βψ1 , ∂xb) + g(∇gGφ,∇g|φ1|−2)gab
)
gab
+
n2−1∑
j,k=1
(
1
|φ2|2g2(D
2
∂yj
∇g2βψ2 , ∂yk) + g(∇gGφ,∇g|φ2|−2)gjk
)
gjk
= ∆gGφ +
1
|φ1|2∆g1βψ1 + (n1 − 1)g(∇gGφ,∇g|φ1|
−2)
+
1
|φ2|2∆g2βψ2 + (n2 − 1)g(∇gGφ,∇g|φ2|
−2).
Finally, we check that
1
|φ1|n1−1|φ2|n2−1divg
(|φ1|n1−1|φ2|n2−1∇gGφ)
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= ∆gGφ + (n1 − 1)g(∇gGφ,∇g|φ1|−2) + (n2 − 1)g(∇gGφ,∇g|φ2|−2),
which completes the proof.

Remark 3. If the Lagrangian immersion φ is the product of two planar
curves (α1, α2), then Φ is the product of two Lagrangian immersions
Φ1 and Φ2 of the type described in Theorem 1. This fact will be
important for the classification of immersions Φ with parallel mean
curvature vector (Corollary 4).
If the Lagrangian immersion is of the type of Theorem 1, i.e. φ = αγ
where α is a planar curve and γ is a Legendrian curve in S3, then the
immersion Φ is also of the type of Theorem 1, with ψ = (γ1ψ1, γ2ψ2)
is of the type described in [8] (see also Section 4.3.3). Moreover, any
Lagrangian immersion in Cn invariant under the action of SO(n1) ×
SO(n2), with n1 + n2 = n and n1, n2 ≥ 2, is congruent to an open
subset of one of the Lagrangian submanifolds of Theorem 2, where
ψ1(x) = x and ψ2(y) = y are the totally geodesic embeddings of S
ni−1
into S2ni−1, i = 1, 2.
The Lagrangian immersions described in Theorem 2 have singulari-
ties at the points (p, x, y) ∈ Σ × N1 × N2 where either φ1(p) = 0 or
φ2(p) = 0.
It has been proved in [11] (and it follows from Equation (15)) that the
immersion Φ described in Theorem 2 is minimal if and only if ψ1 are ψ2
are minimal and Gφ is constant. If n = 3, then either (n1, n2) = (2, 1)
or (1, 2). In both cases, ψ1 or ψ2 must be a Legendrian geodesic in S
3,
which can be parameterized, up to congruence by ψ(t) = 1√
2
(eit, e−it).
The corresponding Lagrangian immersion Φ takes the following form:
Φ : Σ× R −→ C3
(p, t) 7→
(
φ1(p)√
2
eit, φ1(p)√
2
e−it, φ2(p)
)
.
These examples, which are invariant under the action of U(1) ≡ SO(2)
on C3 given by
eit · (z1, z2, z3) = (eitz1, e−itz2, z3)
have been studied in detail by Joyce in [19] in the minimal Lagrangian
case.
Before we characterize those immersions Φ which have parallel mean
curvature vector or are compact and H-minimal, we need a technical
lemma:
Lemma 1. Let Σ be a connected, properly immersed Lagrangian sur-
face of C2 with coordinates (φ1, φ2) and such that the vector fields ∇g|φ1|
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and ∇g|φ2| are linearly dependent. Then either Σ is contained in a prod-
uct of two planar curves α1 and α2 (one of them being an arc of circle),
or it may be locally parametrized by an immersion of the form
φ(s, t) = (
√
ax(s) + b ei(s+t),
√
x(s)ei(s−at)).
where x(s) > 0 and (a, b) ∈ Q × R.
Proof. Suppose first that |φ1| is constant. We proceed by contradiction
assuming that Σ is not a product of curves. Then it may be locally
parametrized by
φ(s, t) = (Ceiθ(s,t), s+ it),
where s + it belongs to an open subset of C, C is a positive constant
and θ an R/2piZ-valued map. If follows that ω(φs, φt) = 1, which
contradicts the Lagrangian assumption. Of course the argument is the
same if |φ2| is constant.
It remains to treat the case in which |φ1| and |φ2| are not constant.
There exists therefore a smooth real map u such that |φ1|2 = u(|φ2|2).
Introduce the hypersurface
Q := {(z1, z2) ∈ C2, |z1|2 − u(|z2|2) = 0}.
Since Σ ⊂ Q, we have T⊥Q ⊂ T⊥Σ. On the other hand, at a point
(z1, z2) of Q, T
⊥
(z1,z2)
Q = (z1,−u′(|z2|2)z2)R, thus (z1,−u′(|z2|2)z2) ∈
T⊥(z1,z2)Σ. By the Lagrangian assumption, the vector field V (z1, z2) =
(iz1,−iu′(|z2|2)z2) is tangent to Σ, so its integral curves
t 7→ (z01eit, z02e−iu
′(|z0
2
|2)t),
with initial point (z01 , z
0
2) ∈ Σ, are contained in Σ. It follows that Σ
may be locally parametrized by
φ(s, t) = (z1(s)e
it, z2(s)e
−iu′(|z2(s)|2)t),
where (z1(s), z2(s)) is a curve in Σ tranversal to the integral curves of
the vector field V. Moreover, we may replace the curve (z1(s), z2(s))
by (z˜1(s), z˜2(s)) = (z1(s)e
iθ(s), z2(s)e
−iu′(|z2(s)|2)θ(s)) without changing
the image of φ. A routine computation shows that we can choose the
function θ(s) in order to have arg z˜1 = arg z˜2. Using the assumption
(z˜1(s), z˜2(s)) ∈ Q, we deduce that z˜1(s) =
√
u(|z˜2(s)|2)z˜2(s) so, writing
z˜2(s) =
√
x(s)eis, we have z˜1(s) =
√
u(x(s))eis and we obtain
φ(s, t) = (
√
u(x(s))ei(s+t),
√
x(s)ei(s−u
′(x(s))t)).
We claim now that the properly immersed assumption imposes a re-
striction on u: if u′(|z02 |2) does not belong to Q, then the integral
curves of V are not closed; more precisely they are dense in the torus
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{(z1, z2) ∈ C2
∣∣ |z1| = |z01 |, |z2| = |z02 |}. Since Σ is assumed to be prop-
erly immersed, it must be contained in this torus, which is a product
of curves. If it is not the case, u′(|z02 |2) must be rationaly related to
Q, so it is constant and u(x) = ax + b, where (a, b) ∈ Q × R, which
implies the claimed formula. 
Corollary 4. Consider the Lagrangian immersion
Φ : Σ×N1 ×N2 −→ Cn
(p, x, y) 7−→ (φ1(p)ψ1(x), φ2(p)ψ2(y))
where φ = (φ1, φ2) : Σ → C2 is a Lagrangian immersion of an ori-
entable, properly immersed surface Σ with Lagrangian angle βφ and ψi,
i = 1, 2 are two Legendrian immersions of orientable manifolds Ni into
S2ni−1, where n1 + n2 = n. Then Φ has parallel mean curvature vector
if and only if
- either (i) it is minimal; in this case the immersion φ is such
that Gφ := βφ+(n1−1) argφ1+(n2−1) argφ2 is constant and
the immersions ψ1 and ψ2 are minimal (see [11]);
- or (ii) it is a product Φ = (Φ1,Φ2) of two Lagrangian immer-
sions into Cn1 and Cn2 with parallel mean curvature vector (as
described in Theorem 1); in this case the immersion φ is a prod-
uct of two planar curves (α1, α2);
- or (iii) φ is, up to scaling, the immersion
φ(s, t) = (cos s eit, sin s eit)
and the immersions ψ1 and ψ2 are minimal.
Moreover, if N1 and N2 are compact, the immersion Φ is H-minimal if
and only if the immersion φ is such that the vector field
Aφ := |φ1|n1−1|φ2|n2−1∇gGφ
is divergence free and the immersions ψ1 and ψ2 are C-minimal.
Proof. Assume that |φ1| and |φ2| are not constant. The fact that ∇g¯βΦ
is parallel and Equations (17), (18) and (19) of Theorem 2 imply that
βψ1 and βψ2 are constant and that
(21) g(∇gGφ,∇g|φ1|−2) = 0,
(22) g(∇gGφ,∇g|φ2|−2) = 0.
Hence, if the vector fields ∇g|φ1|−2 and ∇g|φ2|−2 are independent, the
vector field ∇gGφ vanishes, so the map Gφ is constant. By Equation
(15) of Theorem 2, it follows that the immersion Φ is minimal and
we are in case (i). We now assume that Gφ is not constant and that
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the vector fields ∇g|φ1|−2 and ∇g|φ2|−2 are linearly dependent. Using
Lemma 1, and since |φ1| and |φ2| are not constant, the immersion φ
takes the form
φ(s, t) = (
√
ax(s) + b ei(s+t),
√
x(s) ei(s−at)),
where x(s) > 0 is not constant and (a, b) ∈ Q ×R. We easily compute
that
Gφ = (n1 + n2)s+ (n1 − an2)t− arctan
(
x′((1 + a)ax+ b)
2(1 + a)x(ax+ b)
)
and use the assumption that ∇gGφ is parallel (coming from Equation
(17)), more precisely, the vanishing of g(∇g∂sGφ, ∂t) and g(∇g∂tGφ, ∂t).
A tedious but straightforward computation involving the Christoffel
symbols of the induced metric g shows that either a = −1 or b vanishes.
If b vanishes the immersion φ takes the simpler form
φ(s, t) = (
√
aα(s)eit, α(s)e−iat),
where α :=
√
x(s)eis. Hence the immersion Φ can be written as Φ(s, t, x, y) =√
1 + aα(s)ψ(t, x, y), where
ψ(t, x, y) :=
1√
1 + a
(
√
aeitψ1(x), e
−iatψ2(y))
is a Legendrian immersion into S2n−1. In other words, we are in the
case of Section 4, and we can rely on the Corollary 2 to deduce that
either the immersion Φ is minimal, which is case (i), unless the curve
α is a circle. However this last case is excluded since x is assumed to
be not constant. If a = −1, setting σ := arcsin√x/b and τ := s + t,
the immersion φ becomes
φ(σ, τ) = (b cosσeiτ , b sin σeiτ ),
so we are in case (iii). Finally, if one of the quantities |φ1| and |φ2|
is constant, by the second point of Lemma 1, the immersion φ is a
product of planar curves and we get the case (ii).
To complete the proof, we observe that if Φ is H-minimal, by Equa-
tion (20), ∆g1βψ1 and ∆g2βψ2 must be constant. By the compactness
assumption, those constants must be zero, so the immersions ψ1 and
ψ2 are C-minimal and the immersion φ is such that the vector field
|φ1|n1−1|φ2|n2−1∇gGφ is divergence free. 
In Section 4.3 we have given a description of several compact, C-
minimal Legendrian immersions in odd-dimensional spheres. On the
other hand, it turns out to be difficult to solve the equation div Aφ = 0
in full generality. In the next section we make use of a construction
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introduced in [7] in order to get a countable family of solutions to this
equation.
5.2. A special class of Lagrangian surfaces of C2 satisfying
divAφ = 0. We follow the notation of Section 2.3 and consider a Le-
gendrian curve γ : I1 → S3 and a Legendrian curve α : I2 → H31, that
we both assume to be parametrized by arclength. Consider the map:
φ : I1 × I2 ⊂ R2 → C2 = C × C defined by
φ(s, t) ≡ γ(s)⊙ α(t) = (γ1(s)α1(t), γ2(s)α2(t)).
Then φ = γ ⊙ α is a Lagrangian conformal immersion in C2 whose
induced metric is given by
(23) g = (|γ1|2 + |α1|2)(ds2 + dt2) = (ξ3 + η3)(ds2 + dt2).
The Lagrangian angle map βφ of the Lagrangian conformal immersion
φ = γ ⊙ α and the Legendrian angles βγ and βα of γ and α are related
by
(24) βφ(s, t) = βγ(s) + βα(t) + pi.
Setting G ≡ Gφ for sake of brevity, we have
(25)
G = βγ+(n1−1) arg γ1+(n2−1) arg γ2+βα+(n1−1) argα1+(n2−1) argα2+pi.
On the other hand,
Aφ =
(|γ1||α1|)n1−1(|γ2||α2|)n2−1
|γ1|2 + |α1|2 (Gs, Gt).
Hence we deduce that
(|γ1|2 + |α1|2)div Aφ
=
(
(|γ1||α1|)n1−1(|γ2||α2|)n2−1Gs
)
s
+
(
(|γ1||α1|)n1−1(|γ2||α2|)n2−1Gt
)
t
.
A particular solution arises when the two terms of the right hand side
vanish, i.e. if there exist two real constants c1 and c2 such that
|γ1|n1−1|γ2|n2−1Gs = c1,
|α1|n1−1|α2|n2−1Gt = c2.
Since we have
(26) Gs = β
′
γ + 〈γ′1, Jγ1〉
(
n1 − 1
|γ1|2 −
n2 − 1
|γ2|2
)
,
(27) Gt = β
′
α + 〈α′1, Jα1〉
(
n1 − 1
|α1|2 −
n2 − 1
|α2|2
)
,
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we obtain the following sufficient conditions in order φ = γ ⊙ α to
satisfy div Aφ = 0:
(28) β ′γ + 〈γ′1, Jγ1〉
(
n1 − 1
|γ1|2 −
n2 − 1
|γ2|2
)
=
c1
|γ1|n1−1 |γ2|n2−1 ,
(29) β ′α + 〈α′1, Jα1〉
(
n1 − 1
|α1|2 −
n2 − 1
|α2|2
)
=
c2
|α1|n1−1|α2|n2−1 .
Finally, using the relations between the Legendrian curves γ and α
and their Hopf projections ξ = Π ◦ γ and η = Π ◦ α, (cf Section 2.3)
we get:
(30)
kξ+(ξ×ξ′)3
(
n1 − 1
1/2 + ξ3
− n2 − 1
1/2− ξ3
)
=
c1
(1/2 + ξ3)(n1−1)/2 (1/2− ξ3)(n2−1)/2 ,
(31)
kη+(η×η′)3
(
n1 − 1
η3 − 1/2 +
n2 − 1
η3 + 1/2
)
=
c2
(η3 − 1/2)(n1−1)/2(1/2 + η3)(n2−1)/2 .
The Legendrian lift γ or α of a generic solution of Equation (30) or
(31) is not expected to be closed, even if the projected curve ξ or η is
so. Since we are interested in compact examples, we point out that the
geodesic ξ0 = Π ◦ γ0, where γ0(s) = (cos s, sin s) trivially verifies (28)
with c1 = 0 and the constant curvature curve ηδ(t) = Π(αδ(t)), with
αδ(t) =
(
sinh δ ei coth δ t, cosh δ ei tanh δ t
)
, δ > 0
is a solution of (29) for a suitable constant c2(δ) depending on δ. More-
over αδ is a closed curve if and only if tanh
2 δ = q/r ∈ Q, 0 < q < r.
In such a case αδ takes the form
αq,r(t) =
1√
r − q
(√
q ei
√
r/q t,
√
r ei
√
q/r t
)
, 0 < q < r.
It follows that the corresponding immersions φq,r := γ0⊙αq,r are doubly
periodic and their images are non-trivial Lagrangian tori. These tori,
besides being solutions of div Aφ = 0, turn out to be H-minimal and
self-similar for the mean curvature flow as well (cf [6]).
Summing up, using the two constructions of H-minimal Lagrangian
immersions (Corollaries 2 and 4) and the existence result of C-minimal
Legendrian immersions (Corollary 3), we are able to construct families
of compact H-minimal Lagrangian immersions of various topological
types. In the first case, the Lagrangian immersions Φp = αpψ, p ∈ N,
constructed using the countable family of closed curves αp described
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in Section 4.2 and a C-minimal Legendrian immersion ψ do not have
parallel mean curvature vector by Corollary 2. Analogously, since the
tori φq,r are not minimal and are not a Cartesian product of planar
curves, the immersions Φq,r do not have parallel mean curvature by
Corollary 4. Hence, we have got:
Corollary 5. Given n integer numbersm1, ..., mn, there exist two count-
able families of compact immersions Φp and Φq,r of T
n×∏nj=1 Smj into
CN , where N = n +
∑n
j=1mj , which are H-minimal and non trivial,
i.e. non minimal and whose mean curvature vector is not parallel.
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